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CYCLE CONNECTIVITY AND PSEUDOCONCAVITY 
OF FLAG DOMAINS 

TATSUKI HAYAMA 


Abstract. We prove that a non-classical flag domain is pseudoconcave if it 
satisfies a certain condition on the root system. Moreover, we prove that every 
point in a one-codimensional real boundary orbit of a non-classical period 
domains is a pseudoconcave boundary point if it satisfies a certain Hodge- 
theoretical condition. 


1. Introduction 

Flag domains are open real group orbits in flag varieties. The simplest example 
of flag domain is open orbits in P 1 (C). The projective line P 1 (C) is a flag variety 
with the action of SL( 2, C), which has real forms SL( 2,R), 51/(1,1)) and 517(2). 
Here the upper/lower-half planes are open SL(2, R)-orbits, the unit disks around 
0 and oo are open 5Z7(1, l)-orbits, and P 1 (C) itself is the 5£/(2)-orbit. In general, 
there are finitely many open real group orbits in flag varieties, and study on flag 
domains has been developed by complex geometers (cf. |FHW| ). Flag domains 
are classified by two kinds; classical or non-classical. Here we say a flag domain is 
non-classical if it has no non-constant function. A classical flag domain is almost 
like a Hermitian symmetric domain, then it is well-studied, however a non-classical 
one is not. In this paper, we investigate non-classical flag domains. In particular, 
we focus on their cycle connectivity and pseudoconcavity. 

Our study is motivated by Hodge theory. For a Q-Hodge structure (V, F m ) with 
a polarization Q , we have a homomorphism tp : S 1 —> Aut (Vr, Q) of real algebraic 
groups defined over Q given by ip(z)v = z p z q v with \z\ = 1 for v £ F p D F q . 
The smallest real algebraic group containing piS 1 ) defined over Q is called the 
Mumford-Tate group, and the orbit of the Mumford-Tate group at the Hodge 
structure ip is called the Mumford-Tate domain, which is a flag domain of our main 
concern. For example, a period domain (cf. | CGI ) is a Mumford Tate domain for 
a generic Hodge structures. For a Mumford-Tate group, the isotropy subgroup is 
compact and is the centralizer of the circle ^(S 1 ) (cf. GGKlj). We then assume 
any flag domain satisfies this condition in this paper. 

One of significant properties of non-classical flag domains is cycle connectivity. 
We recall cycle connectivity briefly. A flag variety is a homogeneous space with a 
holomorphic action of a connected complex semisimple Lie group G. Let D be a flag 
domain with a real form Gr of G. For a base point o £ D 1 we have the maximally 
compact subgroup Kr of Gr containing the isotropy subgroup at o. The A'R-orbit 
Go at o is a compact submanifold contained in D. Huckleberry |Huc2| and Green, 
Robles and Toledo |GRT] proved that a flag domain D is non-classical if and only if 
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any two points of D are connected by a connected chain g\Co U- • • UgtCo contained 
in D with gi,... ,ge £ G. 

The other property we discuss in this paper is pseudo concavity. We say D is pseu¬ 
doconcave if D contains a relatively compact subset where the Levi form on every 
boundary point has at least one negative eigenvalue (see $2] for precise definition). 
Pseudoconcavity is defined for complex manifolds, and there are several classical 
results by Andreotti and Grauert (cf. {A])- In fact, pseudoconcave manifolds are a 
generalization of compact complex manifolds, which behave like compact complex 
manifolds in many ways. For instance, if D is pseudoconcave, H°(D,G) = C and 
dim H°(D, E) < oo (the finiteness theorem ) for any holomorphic vector bundle E. 
Moreover, the field of all meromorphic function on a pseudoconcave manifold D 
is an algebraic field of transcendental degree less than dirnD. Huckleberry |Hucl] 
proved that if D is classical D is not pseudoconcave but pseudoconvex. 

Cycle connectivity and pseudoconcavity are closely related. Huckleberry intro¬ 
duced one-connectivity in [Huclj . One-connectivity is cycle connectivity in a strong 
sense, which requires that any two points are connected by a one cycle. He showed 
that D is pseudoconcave if D is generically one-connected. For example, D is gener- 
ically one-connected if Gr = SL(n,M.), however we do not completely know what 
kind of flag domain this property holds. In 'IGGK2[ Lecture 10], Green, Griffiths 
and Kerr examined pseudoconcavity of the Carayol domain (Example 13.81) by an 
argument about boundary behavior of the cycle space. 

Pseudoconcavity induces the finiteness theorem by the Andreotti-Grauert the¬ 
ory. On the other hand, Kollar |Koj proved the finiteness theorem for every non- 
classical flag domains by using their cycle connectivity without pseudoconcavity. 
Huckleberry conjectured that any non-classical flag domain is pseudoconcave, which 
induces the finiteness theorem. 

Our purpose of this paper is to give a sufficient condition for pseudoconcave 
flag domains, which involves pseudoconcavity of flag domains which [Hucl] did 
not reach. Let P be the parabolic subgroup which stabilizes o. We fix a Cartan 
subgroup contained in P and the set A of roots. Then we have the graded Lie 
algebra decomposition g = g~ k © • • • © g fc defined by a subset of the sirnle roots 
such that the parabolic Lie subalgebra is given by p = ® g>0 g ( • 

Theorem 1.1. Suppose that there exist a compact root (3 such that for any non¬ 
compact root a in A(g <0 ) the (3-string containing a is one of the following: 

• { a , a + (3} with a + (3 € A(p); 

• {a, a + (3, a + 2/3} with a + 2(3 £ A(p). 

Then D is pseudoconcave. 

We prove this theorem in 1 13.31 We show two examples of Mumford-Tate domains 
where the above theorem holds ((Example 13.81 l3d)ll . 

In the latter half of this paper, we focus on the case where D is a non-classical 
period domain in connection with degeneration of Hodge structures, in particular 
minimal degeneration introduced in |GGR| . By the nilpotent orbit theorem, degen¬ 
erating Hodge structures over a product of the punctured disks are asymptotically 
approximated by nilpotent orbits. The limit point F of a nilpotent orbit in direc¬ 
tion of the imaginary part is in the boundary bd(.D) in the compact dual D : which 
is called the reduced limit. If the real orbit GrF^ C bd(D) is one-codimensional, 
it is called a minimal degeneration. For example, if D is the period domain for the 












CYCLE CONNECTIVITY AND PSEUDOCONCAVITY OF FLAG DOMAINS 


3 


quintic-mirror family, the variation of Hodge structure around the conifold point is 
a minimal degeneration (see Example 14.311 . 

On the other hand, for any one-codimensional GR-orbit O in bd (D), there exists 
a nilpotent orbit such that O = Gr-F^, with the associated reduced limit F by 
Green, Griffiths and Kerr | jGGK2l and Kerr and Pearlstein [ KP] . Moreover, type 
of Hodge numbers of the limit mixed Hodge structures associated with minimal 
degeneration is determined by Green, Griffiths and Robles [GGRj . We prove that 
every point in a one-codimensional GR-orbit in bd(D) is pseudoconcave boundary 
point of D if the Hodge numbers of the associated limit mixed Hodge structure 
satisfies a certain condition (Proposition 14.21) . 

In this paper, we do not deal with the problem of measure of pseudoconcavity, 
and we leave it open. As far as the author know in this moment, we do not know 
how to measure pseudoconcavity of non-classical flag domains. If a flag domain D is 
g-pseudoconcave in the sense of Andreotti-Grauert, we have the finiteness theorem 
for cohomology groups of degree less than dimD — q — 1 with locally free sheaves. 
In addition, it is speculated that the finiteness theorem is true for degree less than 
dim Go in ]GGK2 , Lecture 10] as an open question. 

2. Pseudoconcavity of complex manifolds 

We recall pseudoconcavity of complex manifolds following 0- Let H be an open 
subset of C n with a smooth boundary. For every point Zo in the boundary bd(fl), 
we can find a neighborhood U Zo of Zq and a G°°-function </> : U Zo —> K. such that 

(#)z 0 0. ^ n U Zo = {z G U Zo | <f>{z) < (/)(z 0 )}. 

The real tangent plane at Zo to the closure c£(Q) contains the [n — l)-dimensional 
complex plane defined by the equation 

eSAo)(*‘-* = o 

k 

with the coordinate function z 1 ,..., z n . This is called the analytic tangent plane. 
Since <f> is real-valued, the quadratic form 

L W)M '■= Y 

k,e 

is Hermitian, which is called the Levi form. The boundary point zq is said to be 
pseudoconcave if the Levi form has at least one negative eigenvalue on the analytic 
tangent plane. Remark that the number of positive/negative eigenvalues does not 
depend on the choice of coordinate function and defining function. We may assume 
zo = 0 and ((>(0) = 0, and we may change the coordinate so that the Tayler expansion 
of (f> at 0 is 

cj){z) = 2Re(z 1 ) + L 0 {<j>)(z) + 0(||z|| 3 ) 

and the Levi form restricted to the analytic tangent plane To(bd(H)), defined by 
z 1 = 0, is 

n 

^(0)o|T o (bd(n))W = 5>l**! 2 

k> 2 

with eigenvalues A 2 ,..., A„. If 0 is pseudoconcave, we have at least one negative 
eigenvalue, then we have a holomorphic map p : ID -A c^(f2) from the unit disk such 
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that p(0) = 0 and bd(p(B)) C fb On the other hand, if 0 is not pseudoconcave, we 
do not have such a holomorphic map. We then define pseudoconcavity of complex 
manifolds as follows: 

Definition 2.1. Let A' be a connected complex manifold. We say X is pseudo¬ 
concave if there exists a relatively compact subset U with a smooth boundary such 
that at every point z £ bd(U) a holomorphic map p : ID) -A c£(U) where p(0) = z 
and bd(p(U>)) C U exists. 

Example 2.2. (1) Every compact complex connected manifold is pseudocon¬ 

cave. 

(2) Let Z be a compact complex connected manifold of dimension greater than 
2 and let Y be a complex submanifold with dimF < dim Z — 2. Then Z — Y 
is pseudoconcave. 

(3) Let D be an irreducible symmetric bounded domain of dimension greater 
than 2 and let T be an arithmetic subgroup without fixed points. Then 
T\D is pseudoconcave. 


3. Flag domains 

We review flag domains and their root structure, and then we prove Theorem ll.il 
This proof is based on the technique of [Hue 11 §3.2]. The key point of Huckleberry’s 
proof is to construct a relatively compact neighborhood of the base cycle Co which 
is filled out by cycles and where any points are one-connected to Co- We construct 
such a neighborhood by using the root vectors in Lemma 13.71 Here the Cayley 
transform associated with a compact root plays important role. We examine the 
action of the Cayley transform on the root vectors in Proposition 13.51 

3.1. Flag varieties. Let G be a connected complex semisimple Lie group, and let 
P be a parabolic subgroup. The homogeneous complex manifold D := G/P admits 
the structure of rational homogeneous variety, which is called the flag variety. We 
fix Cartan and Borel subgroups H C B C P. Let bCbCpCgbe the associated 
Lie algebras. The Cartan algebra b determines a set A = A(g, fj) C b* of roots. A 
root a £ A defines the root space g“, and we have the root space decomposition 
0 = b ® © agA g“. For a subalgebra s, we denote by A(s) the subset of roots of 
which root spaces contained in s. The Borel subalgebra b defines a positive root 
system by 

A + := A(b) = {a £ A | g“ c b}. 

Let S = {a i,..., a r } be the set of simple roots, and let {S 1 ,..., S r } be the dual 
basis to S. An integral linear combination E = y~b rijS J is called a grading element. 
The E-eigenspaces 

0* = 0 0“, 0° = f>© 0 0“ 

a(E)=£ a(E)=0 

determines a graded Lie algebra decomposition g = g~ fe ® • • • © g k in the sense that 
[0*10 m ] C g e+m . The grading E defines a parabolic subalgebra p E = ®f> o 0 £ - O n 
the other hand, setting 

I(P) = {* I 0 _CTi P}» 

the parabolic subalgebra p E defined by E = p) coincides with p. 

We review Chevalley basis and their properties (cf. Huml §25]). Since the 
Killing form defines a non-degenerating positive definite symmetric form on b, we 
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have the induced form (•, •) on f)*. Let a £ A U {0} and let /? £ A. The set of all 
members of A U {0} of the form a + n/3 for n £ Z is called the /3-string containing 
a. Then the /3-string containing a is given by 

(3.1) {a + nf3 \ — r<n<q}. 

If a and /3 are linearly independent, we have 

We can choose H“ £ f) and x a £ g“ for all a £ A satisfying 
[«“, x~ a ] = H“, [H^, x a } = (a, /3)x a , 

r. r a /J 1 = f Ca, 0 X a+ P if a + p £ A 
1 ’ J [0 ifa + /3^A 

where c aj( g = —C- a ,-p £ Z. 

Here c.g ia = ±(r + 1) if a and /3 are linearly independent and a + /3 £ A. Now 

{a;“ | a £ A} U {H CT | a £ 5} 
is a basis of g, which is called a Chevalley basis. 

Lemma 3.1 ( llliiml §25.2]). If a and f3 are linearly independent, then 

[x -/3 , [x^,x a ]] = q(r + l)x a 
where (r,q) is given by the form \3.1\) . 

Example 3.2 (g = sl 2 (C)). A basis of g = sI 2 (C) is given by 

< 3 - 2 > *"=(2 o) ■ e "=(J °i) ■ =(° 2) ■ 

Here f) = CH“ is a Cartan subalgebra, and x ±a is in the root space g ±Q where a is 
the root given by a(H“) = 2. This triple satisfies 

(3.3) 


[x a ,x- a ] =H“, [H“, a; Q ] = 2x a , [H“,® _ “] = -2x~ a . 


In this case, A = {±a} and we set a as a positive root. We define a grading E = S 
where S is the dual of a. Then 

_1 _a: _0 u _ — 1 _—a 

3 = 9 , 0=0, g = g , 

and p E = g 1 ® g°. The parabolic subgroup P corresponding to p E is 

a b 
,0 -1/ay 

and hence the flag variety associated with P is 


(3.4) 


a,5£ C,a/ 0 


G/P -{Q I^CjU/Ql-P^C). 


Here P is the isotropy subgroup at 


0/' 


In general, a triple in a semisimple Lie algebra satisfying (13.311 is called a standard 
s/ 2 -triple. 
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3.2. Gn-orbits and Cayley transforms. Let gR be a real form of g. We denote 
by Gr the connected Lie group corresponding to g®. We fix a Cartan involution of 
0 r. Let pz be the Lie subalgebra of the stabilizer P x of Gc at x £ D. By T 1IW 
Theorem 4.2.2], the Gg-orbit Grx is open if and only if p x = p E where 

(1) the isotropy subgroup 0 r fl p^ contains a maximally compact Cartan sub¬ 
algebra ()r, and 

(2) the grading E is an integral linear combination of a set of simple roots for 
A + C A = A(g, p) with f) = I)r(§)C such that rA + = — A + for the complex 
conjugation r. 

In this paper, we say an open GR-orbit is flag domain if the isotropy subgroup is 
compact and is the centralizer of a subtorus of a Cartan subgroup. 

Let D be a flag domain contained in D , and fix a base point o £ D. We may 
choose a Cartan subalgebra f), the positive root system A + , and the grading E such 
that p = p E is the Lie algebra of the isotropy subgroup at o as above. We may 
choose a Chevalley basis of g. We define the Cayley transform c a for agAby 

Cq = exp(^(aT“ - x a )). 

Remark 3.3. Usually, Cayley transforms of the above form are defined for noncom¬ 
pact imaginary roots as |Knl §VI.7]. In the above situation, every root is imaginary 
because the Cartan subalgebra is compact, however it is not always noncompact. 
We use a Cayley transform for a compact root in the proof of Theorem ll.il 


Example 3.4 (g = 512 (C)). This is continuation of Example 13.21 Let us consider 
the three real forms 5u(2), 5u(l, 1), andsl(2,R) of 51(2, C). We set 


0 1 

-1 0 


h 1 : = iH“ = i 


1 0 
0 - 1 ) ’ 


v a := i(x a + x “) = i 


0 1 
1 0 


where i = \J — 1. Then 

su(2) = Ru a + Rh 1 + Rv a , su(l, 1) = Riu“ + Rh 1 + Riv a , 
sl(2, R) = Rx“ + RH“ + Ri _a = M(u ct — \v a ) + Rih 1 + R(u a + iu a ). 


For the corresponding Lie groups, the orbits at o = are 

P'(C), {(]) ; M < 1}. {G)'» e “}u{(;)}- 

In a case where gR is su(2) or su(l, 1), the Cartan subalgebra (1 r = p fl gR = R h 1 is 
compact and rx a = x~ a for the complex conjugate r. On the other hand, in the 
case where gR is sl(2, R), the Cartan subalgebra 1 )r = p OgR = Ri h 1 is noncompact 
and rx a = x a . The Cayley transform for a is 

c " = 7i(i i 1 )' 



We then have 
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Proposition 3.5. If a and (3 are linearly independent, then 

Ad (c 2 )x a = I ±Xa+/S if(r,g) = (0,1 )’ 
Y±x a+20 if(r,q) = { 0,2) 

where (r,q) is given by the form \3.1\) . 

Proof. First, we consider the case for ( r , q) = (0,1). Since a — ft £ A, 
ad (x 0 — x~ 0 )x a = ad (x 0 )x a = cp, a x a+0 . 

By Lemma [3711 


Then 

Therefore 


(ad (x 0 -x~ 0 )) 2 x a = -[ X - 0 ,[: 


x 0 ,x a ]] = -x a . 


_ oo / _« \ 2 £ oo / i \ fc _ 

Ad (exp (f (*<* - *->)))*“ = E W ( ? )2<x ° + E 7WTnT<7>“ +1 ^° +e 


i=0 


k =0 


(2k + 1)! v 2 ' 


= cos (^)x a + sin (^)Cf 3 , a x a+0 = cp, a x a+l3 
Since c,g >a = ±1, the equation holds. 

Next, we consider the case for (r, q) = (0,2). As is the case for (r, q) = (0,1), we 
have 


Then 

By Lemma EJ 


&&(x 0 — x 0 )x a = cp ta x a+0 , [x 0 , [x 0 , x a ]] = 2x 0 . 

(ad (x 0 — x~ 0 )) 2 x a = cp, a +pcp, a x a+20 — 2x a . 
[x 0 ,[x- 0 ,x a+20 }]=2x a+20 . 


On the other hand, 

[x 0 , [x~ 0 ,X a+20 }\ = cp, a+ pc-i3, a + 2 pX a+20 . 

Then cp tCl+ pC-p tCl+ 2 p = 2. Therefore, 

(ad (x 0 - x~ 0 )) 3 x a = -C-p tOt+ 2 pcp tOl+ pcp, a x a+0 - 2c 0tOt x a+0 = -Acp <a x a+0 . 

To summarize the above calculations, we have 

OO 1 

Ad (exp (-(x 0 x~ 0 )))x a =x«+Y J (^Tl)! )2fc+1(_4)fcC/3 ’ aXa+/3 

00 1 _ 

+ E (^)j(^) M (- 4 ) f_1 ( c /3,«+/3 c /3,c«a; Q+2/3 - 2a:"), 


where 

OO 

E 


1 (f ) 2fe+1 (-4) fe = \ £ _Li)E(E)2fc + 1 2 2 * + 1 = I Sin77 = 0, 


fc =0 

oo 


(2fc + 1)E2 

J- ( E 

( 2 f )! v 2 


2^(24 + 1)72 


4 ,77 2 It \\l —1 4 v-^ ( — 4) / 7r x2fo2^ 1/ . 1 

E <- 4 > = -4 E 72 fTT< 2 ) 2 = -1*' 0 ” - 11 = 2- 
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Hence 

Ad (exp (^(V 3 - x~' j )))x a = ^cp t0l+ pcp t0l x a+213 . 

Since cp, a +p = ±2 and C/ 3 >a = ± 1 , the equation holds. □ 

In the case for (r, q) = (1,0) or (r, q) = (2,0), the same equation holds if (3 is 
replaced by —/3. 

Remark 3.6. The proof of Proposition 13.51 looks similar to the one of )Knl Propo¬ 
sition 6.72]. However, the latter one requires that /3 is orthogonal to a, i.e. r = q. 

3.3. Proof of Theorem II.H Let Ar be a maximally compact subgroup of Gr 
containing the isotropy subgroup at the base point o. We set a base cycle Co = A'ro 
and fix the Cartan decomposition 0 r = Ir © tjj with the associated Lie algebra 6 r. 

Lemma 3.7. Suppose that there exists a compact root /3 satisfying the condition of 
Theorem o We choose a sufficiently small e > 0 so that 

/C := | fcJlLi ex P (siX a ' )z 

is contained in D where {aq,... afj = A(t ± ) ft A(g <0 ). Then int (1C) is a relatively 
compact subset containing Co- Moreover, for every point z' in hi, there exists 
gCo C K, with g £ G such that Cq D gCo ^ 0 and z' £ gCy. 

Proof. Since ml i exp(eja: ai )o ; |e.j| < e} is an open neighborhood of o and ATr 
acts on Co transitively, int (/C) is a relatively compact open subset containing Cq. 
Let z' = k^z £ 1C where k £ Ar and 

i 

£ = exp (£iX ai ) 

i=l 

with £j < e. Since z' £ kfCo, it is enough to show fc£C 0 D C 0 ^ 0. Now we have 

t 

Ad {ctp)£ = ]Jexp (£j Ad ( cfp)x ai ). 

i=l 

By Proposition 13.51 and the hypothesis, Ad(c?_ / 3 )a;“ i £ p, therefore Ad(c^_ /3 )^ £ P. 
Then Ad (c?_ /3 )(^)o = o, and hence £c|(o) = c|(o). Since cp £ K = Kr © C and K 
acts on Co transitively, c|(o) £ Col~l£Co. It concludes that A:c|(o) £ CodkfCo. □ 

By applying the above H to the proof of [Hucll Theorem 3.7], we complete the 
proof. Recall the proof of llnel Theorem 3.7]. To show pseudoconcavity at any 
point z £ bd(/C), we need to construct a disk ID about z such that bd(B) C int(/C). 
By the above lemma, we have gCo C 1C with g £ G containing z such that there 
exists z 0 £ gCo H Co- We may construct Z C gCo with z £ Z and Z = P 1 (C) so 
that Z intersects an arbitrary neighborhood of zq. We then choose yo £ int(/C) D Z 
and define B to be the complement in Z of the closure of a sufficiently small disk 
about yo so that bd(B) C int(/C). Therefore 2 is a pseudoconcave boundary point, 
and hence D is pseudoconcave. 

Example 3.8. Let D be the Mumford-Tate domain with h 2,0 = h 1,1 = 2 and 
Gr = SU(2, 1) investigated by Carayol [C]. The root diagram is depicted in Figure 
IH where compact roots are those within a box and the shaded area is a Weyl 
Chamber. The flag variety D is associated with the grading element S 1 + S 2 . Here 


k £ Ar, z £ Co 

N < £ 
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Figure 1. The root diagram of st(3,C) 


{— or,— CT2} = A(|- L )nA(g <0 ), andcri+(J2 £ A( 6 ) satisfies the condition of Theorem 
o Hence D is pseudoconcave. 

Example 3.9. Let D be the period domain with h 2,0 = 2 and h 1 ’ 1 = 1. Then 
Gr = SO(2, 1), and the root diagram is depicted in Figure[2] The flag variety D is 



Figure 2. The root diagram of so(5,C) 


associated with the grading element S 1 . Here {—a 1 , —a\ — 02 } = A(t J -) fl A(g <0 ), 
and 2(Ji + cr 2 £ A(6) satisfies the condition. Hence D is pseudoconcave. 


4. Period domains 


We review minimal degeneration for period domains and prove Proposition 14.21 
To prove it, we construct a subset where any point is one-connected to Go as in 
Lemma 13.71 Cayley transforms play an important role in this proof. 

In this section, D is a period domain parametrizing Hodge structures of weight 
n with Hodge numbers {h p ’ q } p + q - n on a rational vector space V polarized by Q. 
Here 


Gr = Aut (Vr, Q) 


Sp(m, KL) if n is odd, 

SO(m ev ,m 0 d) if n is even 


where 2 m = dimF, m ev = J2 p: even and m °d = I Z p: odd hP ’ 9 - We tlien have 


D = 


Sp(m, R)/ rip<fe U(h p ’ q ) if n = 2fc + 1, 

SO(m ev , m od )/(n p<fc U(h p ’ q ) x SO(h k ’ k )) if n = 2k. 
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4.1. Limit mixed Hodge structures. A pair ( N,F *) consisting of a nilpotent 
N £ 0 Q , as an element of End(V), and F* £ D is called a nilpotent orbit if it 
satisfies the following conditions: 

• exp ( zN)F * £ D if Im (z) is sufficiently large; 

• NFP C FP- 1 . 

Let ( N,F *) be a nilpotent orbit. By there exists the monodromy weight filtra¬ 
tion W,(N ), and (W,(N)[—n], F*) is a mixed Hodge structure, which is called the 
limit mixed Hodge structure. Let 

(4.1) H c = 07™ 


be the Deligne decomposition with respect to the limit mixed Hodge structure. We 
may assume it is split over R, i.e. the splitting associated with m is defined over 
M. Then there exists Y £ jjr which acts on I p,q by the scalar p + q — n. Moreover, 
we have a unique element N + £ jjr such that (N + ,Y, N) is a standard s? 2 -triple. 
By the SL 2 -orbit theorem [Sj, we have a homomorphism v : SL(2,R) -> Gr such 
that 


v* 




= N, 


and the SX 2 (C)-equivalent horizontal holomorphic map ip : P 1 (C) —>■ D given by 

^ i— y exp (zN)F*. 

Here exp (zN)F' £ D for Im (z) > 0, and ip defines a SX 2 (R)-equivalent map from 
the upper half plane to D. We define 

div := exp (i^(V+ + N)). 

Then 

„:=d„ ( F-)=«-)=(; ;)(;)>=«(;))eo. 

For the Hodge structure ip : S 1 —> Gr, the grading element is 

Ev = 4^ ,(1) ' 

The image piS 1 ) is contained in a compact maximal torus T f |GGKll Proposition 
IV.A.2]), and the complexification t) = t<g> C is a Cartan subalgebra of g. 

Let 

(4.2) He = 0 VP 

be the weight space decomposition with respect to [). That is, p £ b* and v £ V p 
if and only if £(v) = p(£)v for all ^ £ f). Then we have 

( 4 . 3 ) yp,n- P = 0 yp_ 

p,(E ip )=(2p-n)/2 


Now <p defines the Hodge structure on g. In fact, the (j>, — p)-component g p ~ p 
is the eigenspace g p of ad(E v> ). Here the Lie algebra of the parabolic subgroup 
stabilizing p is 


f = ©^ 
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Then the infinitesimal period relation is bracket-generating in the sense of [Rj §3.12]. 
Since y>(i) is the Weil operator, Ad(y>(i)) is an Cartan involution defined over R, 
which defines the Cartan decomposition 

(4.4) 0 r = Cr © «r 
such that 

£r <8 > C = g p , tjj <8> C = 0 P . 

p : even p: odd 

The maximal compact subalgebra 6 r contains the maximal torus t. 

We set 

(S,Z,S) ~ Ad dN (TV+,Y,TV) 

in 0c- Then 

£ = i(TV + TV+- iH), Z = i(N-N+), £ = i (TV + TV++ iF). 

The horizontality condition of nilpotent orbit induces 

£ G 0 1 ) 2, £ 0°, £ £ 0 -1 . 

By [HJ Theorem 5.5(d)] and [ft] Theorem 5.9(b)], for the (p, g)-component[i| I p ' q of 
(ED, we have 

(4.5) d N (P«) 0 V p 

/j.(E v )=(2p-n)/2 

p(Z)—p+q—n 

where V p is the weight space ED- 

4.2. Minimal degenerations. We define the reduced limit by 
Ko= I™ exp (zN)F* = f )> 

Im (z)—>-oo y 1 J 

which is in a GR-orbit in the boundary bd(H). If F : is in a one-codimensional 
GR-orbit, (TV, F*) is called a minimal degeneration. Let (TV, F*) be a minimal 
degeneration. Then £ is a root vector for A(@, f)) and djv is the Cayley transform 
(see IGGK21 Appendix to Lecture 10] or [KP] ). 

By [GGRi , Theorem 1.7], a minimal degeneration in a period domain is either 
Type I: IV^O, TV 2 = 0 and rank TV = 1,2, or 
Type II: TV 2 yt 0, TV 3 = 0 and rank TV = 2. 

Moreover, we have the limit mixed Hodge structure (W(N)[—n],F m ). We assume it 
is split over R. The triple (TV + , Y, TV) defines djv £ Gc and tp = djv(F*). We denote 
by i p,q the dimension of the (p, g)-component I p,q of the Deligne decomposition 
with respect to (W(TV)[—n], F*), and we denote by h p,q the dimension of the (p, q )- 
component V p,q of the Hodge decomposition with respect to <p. The relationship 
between {i p ’ q } and { h p,q } is given as follows (see also Figure [3D. 

(I) (TV, F*) is of type I if and only if there exists p 0 £ Z such that 2 p a < n 
satisfying the following conditions: 

(i) iPo+hn-p 0 iVo ,n- Po -\ = 1; 

(ii) iPo^-Po = h Po,n- Po _ 1 and iPo +l,n- Po -l = h p 0 +l,n-p 0 -l _ 1; 

(iii) for all other p such that 2 p < n, i p ’ n ~ p = h p,n ~ p . 


lr The index of the Deligne splitting here is shifted from the one in |Rl Theorem 5.5(d)] 
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(II) (TV, F *) is of type II if and only if n = 2m is even and it satisfies the 
following conditions: 

(i) 2 m— i £m+i,ra+i_ 

(ii) im-l,m+l = h m-l,m+l _ X and = _ 1; 

(iii) for all other p such that 2 p < n, i p ’ n ~ p = h p,n ~ p . 




Figure 3. Deligne decompositions for minimal degenerations 


We calculate the action of the Cayley transform d^v on the Deligne decomposi¬ 
tion. 

Lemma 4.1. (1) Suppose that (TV, F*) is of type I. Let v £ . We then 

have 


d N (v) 

d N (v) 


-j={v + iNv), 
i ■ d N (Nv), 


d n (Nv) 



i Nv), 


d n (Nv) = i-d N (v). 


In particular, djv(i>) = i ■ d n(Nv) if n = 2 p 0 + 1. 

(2) Suppose that (TV, F m ) is of type II. Let v £ jm+i,m+i_ ^j/ e ^ en h ave 


djv(u) = + ^iNv — ^N 2 v, dpf(Nv) = i(v + ^N 2 v), dw(N 2 v) = — 2djv(u) 

Proof. First, we prove (1). Since 

(TV+ + N)v = Nv, (TV+ + N) 2 v = N + Nv = [N + ,N]v = Yv = v, 


d N (v) = 


£^(-) 2 v 

^ (2C! V 

e=o v ' 


OO / -t \ 1c 


k =o 


(2k + 1)! 4' 


we have 
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and 


OO / -\ \ P OO / -t \ Jc 




k=0 


(2k + 1)! v 4' 


7r 7T 1 

= cos ( — )Nv + isin (— )v = —^=(u ~ iNv). 

The equations for djv(tS) and d N (Nv) follows from similar calculations. Since v = v 
if n = 2 p 0 + 1, then the equation for n = 2 p a + 1 follows. 

Next, we consider (2). Since 

N+Nv = [N+, N]v = Yv = 2v, 

N+N 2 v = [N + ,N]Nv + NN+Nv = YNv + 2 Nv = 2Nv, 


we have 
(4.6) 


(N+ + N)v = Nv, (N + + N) 2 v = N+Nv + N 2 v = 2v + N 2 v, 
(N+ + Nfv = 2 Nv + N + N 2 v = 4 Nv. 


Then 

= 

Here 


OO / \ fe OO / _« \p 

(») = » + E tSW? ) 2M ^ + 


*.„<“ + D' 4 ' fcW'4- 


OO / _| \ -< OO / -< \ -| 

f4 7) V _f!!!'i 2fc + 1 4 fe - iV—_ ( ^' ) 2fc+i 2 2fc+i _ £ _ 

^(2fc + l)! l 4 j - 2 ^(2fc + l)!V 2 Sm V 


k—0 


1 . ,7T 1 

2 Sm 2 = 2 


(—1)^ , T 2^ ,^_1 1 ( — 1)^ 2£n2(. 1/ /7I\ . 1 

E 72 pjr( 4 1 4 = 4 E ^rjr(j) 2 ‘ 22 ‘ = TfOos(-) -1) = - J. 


Therefore, 

By (HU) and (1T71) . 


d]\r(r) = —v H—iiVu-7V 2 i>. 

w 2 2 4 


oo , ,p 00 p -i\k ~ 

d„(JV„) = ^ VT(j)“4‘(JV„) + ^ 7 ±_L_(I)i*+ 1 4'. i (2„ + JV»„) 




fc =0 


(2/c + 1)! 4 ' 


' 7r — * ~ -rU,:,.. , 1 at2.. 


= cos ( —)iVu + ~(2v + N 2 v ) = i(u + -N 2 v), 


and, since (7V + + N)N 2 v = N + N 2 v = 2Nv, 

OO / i \k °° / 

d~(JV 2 «) = JV’„ + 2 + •£ yi(I)«4'-'2(2„ + V„) 


k=0 


(2k + 1)! 4' 
1, 


W 4 ' 


= 7V 2 zj + iNv — -(2u + N 2 v ) = —N 2 v + i Nv — v = —2djv(u). 


□ 


Let .Kr be the Lie group corresponding to t® of gap , and let Co = Kr<p- We 
show the following properties of minimal degeneration: 

Proposition 4.2. Suppose that there exists p € Z such that iP' n ~P 0 satisfying 
one of the following conditions: 
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(i) ( N , F*) is of type I and p = p 0 + 2£ or p = p 0 — 2£ + 1 (i > 1); 

(ii) (N, F *) zs of type II and p = m + 2£ + 1 (£ £ Z). 

We construct a subset 

it e := | A: exp (A £)z 

for e > 0. Then we have the following properties: 

(1) For every point z' in K. s , there exists gCo C K e with g £ G such that 
Co n gCo ^ 0 and z' £ gCo; 

(2) In the case where (i) is satisfied, we have K,\ D D = int(/Ci). Moreover, 
every point in Gr-F^, is pseudoconcave boundary point of D. 

Proof. First, we prove (i). It is enough to show that there exists k £ K such that 
Ad(fc)(£) £ p. We first consider the case for type I. Now Vc = 0/ p ’ 9 is the 
Deligne decomposition with respect to (VF.(TV)[— n], F m ), and Vc = 0 v p ’ n ~ p is 
the Hodge decomposition with respect to <p. Let v £ J Po+1,n_p<> . Since TV is a 
(— 1, — l)-morphism, Nv £ p°,n-p 0 -i _ Then, by Lemma ITT! and (14.51) . 

(4.8) d N (v) £ d A r(/ p ‘> +1 ’"- p “) C V Po+1 ’ n - p °~ 1 , 

£d N (v) = d N (Nv) £ d iV (/ Po ’”" PD " 1 ) C 

fdjv(v) = — idjv(u), £ ■ £d n{v) = —idN{Nv) = djv(u). 

In particular, if n = 2 p 0 + 1, then 

(4.9) dAr(u) = i • FdAr(u), £ ■ £djv(v) = —ifdAr(u). 


k £ Ar, z £ Cq 
|A| < e 


Suppose that there exists p such that iP’ n ~P ^ 0 satisfying p = p a + 21 with 
t > 1. We put w := fdjv(u). We may assume ||u;|| = 1 for the Hodge norm 
|| • || = Q(y>(i)*,i). Let u £ V p,n ~ p such that ||u|| = 1. We define k £ Aut (Vc) by 

(4.10) kw = u, ku = w, ku = w, ku> = u, 

kv' = v if v A w,u,w and u with respect to Q. 


Then k £ G, and Ad (ip(i))k = k, i.e. k £ K (see Figured]). 
By (O and (gH) , 


Ad (k)(£) d N (v) 


i Ad ( k)(£)w = i k£u = 0 if n = 2 p 0 + 1, 
kw = u otherwise; 


Ad (k)(£)u = k£w = 


—i kw = — m 
£w 


if n = 2 p 0 + 1, 
otherwise; 


Ad ( k)(£)v ' = 0 if v' J_ u and d n{v). 


Therefore, 

(4.11) 


Ad (k)£ £ 


Q u ~ x C p 
fl 2 '- 1 C p 


if n = 2 p 0 + 1, 
otherwise. 


If there exists p such that i p ' n p ^ 0 satisfying p = p Q — 21 + 1 with £ > 1, we put 
w = djv(u) instead and define k £ K as (14.101) . Then we obtain (14.111) . 
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Type I with n > 2 p a + 1 




Type I with n = 2 p a + 1 Type II 

Figure 4. Hodge decompositions with respect to ip 


Next, we consider the case for type II. Let v £ jm+i,m+i that ||d J v(u)|| = 1 
and put w = djv(u)- Then 

w S dAr(J m+1 ’ m+1 ) C v m+1,m ~ 1 , 

= -£w e dC V m ’ m , -2w = £ 2 uk 

If there exists p such that iP’ n ~P zfz 0 satisfying p = m + 2£ + 1, we may assume 
£ < 0, then we choose u £ V p ' n ~ p so that ||u|| = 1. We define k £ K as (14.101) . and 
then 

Ad (k)(£)u = k£w = £w, Ad ( k)(£)£w = — 2u, 

Ad (k)(£)v' = 0 if v' _L u and £w. 

Therefore, Ad (k)£ £ g^ 2e ~ x C p. 
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Next, we prove (2). In [H2l . we investigated nilpotent orbits ( N , F m ) with TV 2 = 0 
in the odd-weight case, which involve this situation. We recall the cycle space 

■Md = {gC o | gCo CD, g£ Gc}- 

In the odd-weight case, Gr/ATr is isomorphic to the Hermitian symmetric domain 
B of type III, and Md — B x B (cf. [ FHW , §5.5B]). By [H2l Proposition 2.4^, 
exp(Af)Go is in Md if |A| <1 and is in the closure of Md if |A| = 1. It follows 
that iti fl D = int {K i). 

Now the reduced limit is given by 

exp(i = l) (o)^ = F °° e bd(lCi). 

Then £ exp (if) Go £ 1C i and exp (if) Go fl Co / 0. As in [ Hue II , Theorem 
3.7], we may construct Z C exp (if )Go and a disk D C Z about F such that 
bd(D) C int(Ai) C D. Therefore F^ is a pseudoconcave boundary point of D. 
Furthermore, gF^ with g £ Gr is a pseudoconcave boundary point of D because 
bd(t/D) C D. □ 

Example 4.3. Let D be the period domain with h 3 ’ 0 = h 2,1 = 1. This is the period 
domain for quintic-mirror threefolds. In this case, nilpotent orbits are classified by 
the following three types: 

(I) TV 2 = 0 and dim(ImTV) = 1; 

(II) TV 2 = 0 and dim(ImTV) = 2; 

(III) TV 3 ^ 0 and TV 4 = 0. 

Here (I) and (II) are minimal degeneration of type I. Moreover (I) satisfies the 
condition of Proposition 14.21 however (II) does not. In the case for (II), Go D 
exp (Af )Co = 0 for A ^ 0 by Hi] Proposition 4.5]. 

Let us consider the root structure of 0 = sp(4, C). This root diagram is depicted 
in Figure [5] The flag variety D is associated with the grading element S 1 + S 2 . In 



Figure 5. The root diagram of sp(4,C) 

the case for (I) (resp. (II)), f is the root vector associated with a = —a 2 (resp. 
a = — Ur). For the compact root /3 = o\ + a 2 , the ^-string containing a satisfies 
the condition of Theorem 11.11 in the case for (I), however we do not have such a 
compact root in the case for (II). 


2 We proved exp (X) Co is in the closure of Mu for X = i£, and it can be easily extend for 

exp (Af )Co 
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